Uniform vector bundles on Fano manifolds and applications 
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Abstract. In this paper we give a splitting criterion for uniform vector bun- 
dles on Fano manifolds covered by lines. As a consequence, we classify low rank 
uniform vector bundles on Hermitian symmetric spaces and Fano bundles of 
rank two on Grassmannians. 
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1. Introduction 

It is classically known that every vector bundle on the projective line splits as 
a sum of line bundles, and hence it is determined, up to isomorphism, by a list of 
integers, usually called its splitting type. It is then natural to consider restrictions to 
lines in order to study vector bundles on projective spaces. Although the situation 
for spaces of dimension bigger than or equal to two is much more involved, one 
may obtain partial classification results after restricting to certain classes of vector 
bundles. One of the classes that has been studied more extensively is that of 
uniform vector bundles, namely those in which the splitting type is independent of 
the chosen line. 

Starting from [V], classification of uniform vector bundles on P™ has been 
developed in a series of papers showing first that if the rank is smaller than n, then 
the vector bundle splits (cf. [V] for rank two and [S] or |OSS[ Thm. 3.2.3] for 
any rank), and characterizing the cases of rank n (see [EHSj ) and n + 1 (see [E] 
and [B2j b In these low rank cases the only uniform vector bundles are constructed 
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upon Tpn and line bundles by basic operations (tensor products, symmetric or 
skew-symmetric powers and direct sums). 

Similar results have been obtained for uniform vector bundles on other pro- 
jective varieties swept out by lines (for which the notion of uniformity still makes 
sense) like quadrics (see |KS1 Section 4] and |B1| ) and Grassmannians (see [G]). 
Given one of these varieties, one would like to compute first its splitting threshold, 
that is the maximum positive integer u such that any uniform vector bundle of 
rank smaller than or equal to u splits as a sum of line bundles, and then classify the 
low rank cases. For instance, on Grassmannians the only unsplit uniform vector 
bundles of rank u + 1 are twists of the universal quotient bundle or its dual. These 
classical results are based on the so called standard construction which uses the 
universal family of lines in X to produce a uniform vector subbundle of the vector 
bundle E in such a way that an induction procedure on the rank works. 

More generally, one may consider the problem of classifying uniform vector 
bundles on smooth complex projective varieties X dominated by an unsplit family 
M. of rational curves. In the framework of the general theory of rational curves 
(cf. [K]) the standard construction has a clear geometrical interpretation - see 
the proof of Theorem 13.11 - allowing us to deal with other uniruled varieties. In 
this way, we get a splitting criterion written in terms of the cohomology groups of 
the family M. x of curves of M. by x <E X, see Theorem 13.11 Moreover, in certain 
cases, it can be expressed in terms of properties of the variety of minimal rational 
tangents to X (see Corollary 13. 7|) . 

Our criteria may be applied to obtain bounds on the splitting threshold for 
uniform vector bundles on many Fano manifolds of Picard number one. In this 
paper we have tested our techniques on irreducible Hermitian symmetric spaces (see 
Section r3.1[) : we have reproved the classical results for quadrics and Grassmannians 
and got new ones for the rest. Furthermore we have proved that, as in the case of 
Grassmannians, on the isotropic Grassmannian the universal quotient bundle is - 
up to a twist by a line bundle - the only uniform unsplit vector bundle of lowest 
rank. 

Finally we show how to apply our results to the study of Fano bundles. Recall 
that a vector bundle E on X is Fano if P(E) is a Fano manifold. It is known that 
if E is a Fano bundle on X then X is also Fano |SW| Thm. 1.6], and the problem 
of classification of Fano bundles on a particular Fano manifold appears naturally 
when classifying Fano manifolds. For instance, rank two Fano bundles on projective 
spaces or quadrics are completely classified, see |SW] , |SSW] and |APW| . 

We have dealt here with the problem of low rank Fano bundles on Grassmanni- 
ans (see Theorem l5.16p , obtaining (see Corollarv l5.17j) that any unsplit Fano bundle 
of rank two on G(l, n), n > 5, is a twist of the universal quotient bundle. The main 
idea in the proof is to consider the restriction of the bundle to the maximal dimen- 
sional linear spaces of the Grassmannian and proving that they split as direct sums 
of line bundles. These restrictions are not necessarily Fano, but verify a weaker 
property, namely to be 1-Fano (see Definition [53} • This property still allows us to 
use techniques similar to those used in jAPWj and conclude that 1-Fano bundles 
on P", n > 4, are direct sums of line bundles (in fact a stronger result is true, see 
Corollary I5.11[) . In particular Fano bundles on Grassmannians are uniform, and 
then the classification previously obtained finishes the work. 
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2. Conventions and definitions. 

Along this paper we will work with smooth complex projective varieties. Given 
a vector bundle E on a variety A, ¥(E) will denote the Grothendieck projectiviza- 
tion of E, i.e. 

P{E) = Proj I S k E 

\k>0 

We will mostly concentrate on Fano manifolds of Picard number one. If this 
is the case, we will denote by Ox(l), or by 0(1) if there is no possible confusion, 
the ample generator of the Picard group of A. Then, given an algebraic cycle a in 
X of codimension m, we call degree of a the integer deg(a) = a • ci(Ox(l)) m - A 
rational curve of degree one on a Fano manifold X is called a line. As usual, the 
degree of a vector bundle will be the degree of its first Chern class. 

Given a smooth projective variety X, we will consider families of rational curves 
on A, that is, irreducible components of the scheme RatCurves™(A) (see (K[ II. 2]). 
We say that a family Ai is unsplit if Ai is a proper C-scheme. Given a vector 
bundle fionl and a family of rational curves Ai on A, we say that E is uniform 
with respect to Ai , if the restriction of E to the normalization of every curve I in 
Ai is isomorphic to 0(a\) © • • • © 0(a r ), with a\ > ■ ■ ■ > a r fixed. The r-tuple 
(ai, . . . , a r ) is called the splitting type of E with respect to Ai. 

Given a smooth variety A and a family of rational curves parametrized by 
Ai such that Ai x is proper for the general point x € A, the variety of minimal 
rational tangents (VMRT for short) at x is the closure of the set of points in P(£lx,x) 
corresponding to the tangent lines of the general curves of the family Ai passing 
by x. We refer to [Hw for a complete account on the VMRT. 

The Grassmannian variety parametrizing linear projective subspaces of dimen- 
sion k in P", for which we follow the conventions of [A], will be denoted by 
G = G-(fc, n). We will denote by Q the rank k + 1 universal quotient bundle and by 
S y the rank n — k — 1 universal subbundle, related in the universal exact sequence: 

S v -> 0® {n+1) -^Q^O. 

The projectivization of Q provides the universal family of P fe 's in P n : 

P(fi) 



G(k,n) P". 

The variety G — G(k,n) contains three distinguished families of linear spaces: 
the family of lines parametrized by the flag manifold ¥(k ~ 1, k + 1, n), a family of 
pfc+i'g (j_ e _ su bschemes P fe+1 c G of degree 1) parametrized by a Grassmannian 
G(k + 1, n) and a family of p n_fe 's parametrized by G(k — 1, n). The last two types 
will be called a and /3-spaces. Note that in the case k = n — k — 1, choosing which 
family is of a or /3-spaces is equivalent to choosing which universal bundle is the 
universal quotient bundle. 

The variety G is covered by an unsplit family of lines, parametrized by a smooth 
rational homogeneous space that we denote by F(fc — l,k + l,n). It is the flag 
manifold parametrizing chains Lk-i C £fc+i C P™ of subspaces of dimensions k — 1 
and k + 1 in P™. 
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Given a rank (n + 1) matrix A, we may consider the subscheme <&A(k,n) c 
G(fc, n) parametrizing isotropic subspaces of dimension fc in P™. Later on we will 
consider the isotropic and symplectic isotropic grassmannians, QG = Gq(tti — 
1, 2m — 1) and LG = Gi(m — 1, 2m — 1), where Q is symmetric and L is skew- 
symmetric, respectively. 

We will denote by Q™ (or just Q when its dimension is not relevant) the n- 
dimensional smooth quadric. 

Finally, given any real number a, we will denote by [a\ (resp. by \a\) its 
round-down (resp. round-up). 

3. Splitting criteria for vector bundles on Fano manifolds 

In this section we present a splitting criterion for vector bundles of small rank 
on varieties covered by lines. Its proof goes through the construction of a quotient 
F of the vector bundle E which is trivial on lines. The classical argumentation 
for a statement of this type relies on a descent lemma due to Forster, Hirschowitz 
and Schneider (cf. |FHSj ). that reduces the existence of F to the vanishing of a 
certain group of cohomology. This was the point of view of, for instance, Guyot's 
classification of uniform vector bundles on grassmannians, [G]. The use of the 
descent lemma may be substituted in some cases by a more precise argument in 
which the concrete cycles that control the descent, and not the whole group of 
cohomology is considered. This idea appears already in the classification of uniform 
vector bundles on quadrics due to Kachi and Sato (cf. |KS|, Thm. 4.1]). In this 
paper we use a geometric reformulation of this argument involving rational curves. 
We will also make use of the characterization of uniform vector bundles of constant 
splitting type on Fano manifolds due to Andreatta and Wisniewski (cf. |AW| 
Prop. 1.2]). 

Let X be a Fano manifold of Picard number one, denote by 0(1) the ample 
generator of Pic(X) and assume that X admits an unsplit covering family of rational 
curves Ai. Denoting by U the universal family, which has a natural P 1 -bundle 
structure over A4, we get the diagram: 



VI 

M 

Given any subset Y C X we denote M.y := P2Pi 1 {Y), and by Locus (M)y the 
subscheme P\P^ {-My) of points lying in curves of the family A4 meeting Y. Note 
that for every point x the variety M. x is proper by hypothesis. 

Theorem 3.1. Let X be a Fano manifold of Picard number one admitting an 
unsplit covering family of rational curves M. and let r be a positive integer smaller 
than or equal to &m\Ai x - Assume that dimH 2s (A4 x , C) = 1 for all s < \ r/2\ and 
every x £ X . Then the only uniform vector bundles of rank r on X are direct sums 
of line bundles. 

Remark 3.2. The criterion can be easily checked for many examples of Fano 
manifolds, e.g. projective spaces, quadrics and others. Note that if X admits an 
embedding for which the curves parametrized by M. are lines, then M. x coincides 
with the VMRT of X at x. For projective spaces, Theorem 13.11 tells us that the 
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only uniform vector bundles on P™ of rank smaller than n are direct sums of line 
bundles. The result is sharp, since Tpn is unsplit, and it was first obtained in [V] 



In the case of quadrics, Theorem 13.11 provides the same statement as in |KS[ 
Thm. 4.1]. 

Corollary 3.3. Let Q be a smooth quadric of dimension n, with n > 5 odd (resp. 
even). The only uniform vector bundles on Q of rank smaller than or equal to n — 2 
(resp. n — 3) are direct sums of line bundles. 

Proof. Note that in this case M x — Q n ~ 2 (cf. |Hwj ) and denote by s = 
min{s, dimH 2s (A4 x , C) ^ 1} — 1, which is then equal to n — 2 if n is odd and 
(n — 2)/2 — 1 if n is even. If n is odd we may apply the criterion to every vector 
bundle of rank smaller than or equal to n — 2 = dim A4 X — sq. If n is even we need 
to assume also that \r/2\ < s — (n — 4)/2, i.e. r < n — 3. ■ 

PROOF of Theorem 13.11 Let E be a vector bundle of rank r. If the splitting 
type of E is constant, then it is a direct sum of line bundles by }AW| Prop. 1.2]. 
Hence we may assume, after dualizing if necessary, that E has splitting type 



where k < [r/2\ . 

We will prove that E splits by induction on r. Since the only Fano variety of 
dimension 1 is P 1 , for which the result is known, we may assume that dimX > 1. 
Then Kodaira Vanishing Theorem allows us to reduce the proof to showing that E 
admits a surjective morphism onto a direct sum of line bundles. 

Let us first construct the family of minimal sections of E over curves of M.. 
With this we mean the family of rational curves on F(E) determined by surjective 
maps E\t — > Oi(ai), where £ e M. 

Denote by Ou(l) the tautological line bundle of the P 1 -bundle p2 : U — > M.. 
With the same notation as above, denote by F the vector bundle 



Me '■= V(F) and Ue '■= P(j»2^)- Note that every element of F v corresponds to a 
pair (£, s), where £ is a curve of M. and s is a morphism E\i — > Oe(ai). The natural 
surjective morphism p\E — > p* 2 F ® Ou{a\) provides an injection P(p2-F) ^{p\E) 
and we get a commutative diagram: 



and 



(ai,...,Ofc,...,a r ), with ai 



afe < afc+i < ■ ■ <a 



F:= {p2AP*iE®O u (-a l )) y ) 



pi 




Me 



M 



For every point x 6 X the map pi provides a morphism 
px x :M x ^G(k-l,P(E x )), 
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which is constant by Lemma 13.41 below. Note that k < [r/2\, so by hypothesis 
H 2s (M. x , C) has dimension one for every s < k. 

In this way the image of pi is a projective subbundle P(i?o) C P(£ l ), and the 
vector bundle Eq is a quotient of E that has constant splitting type on every curve 
t G M.. Then we may apply [AW, Prop. 1.2] in order to conclude that Eq is 
isomorphic to Ox{b)® k for some b. This concludes the proof. ■ 

Lemma 3.4. Let k < r be positive integers and M be a projective variety of 
dimension bigger than or equal to r verifying that dim_ff 2s (M, C) = 1 for every 
s = 1, . . . , k. Then the only morphisms from M to Grassmannians G(k — 1, r — 1) 
are constant. 

Proof. Let <p : M —> G(k—1, r— 1) be a morphism and consider the restrictions 
<p*S, if* Q of the dual of the universal bundle and of the universal quotient bundle 
on G(fc — l,r— 1), respectively. Denote by d\, . . . , d r -k and by ci, . . . , c% their Chern 
classes. Note that our hypothesis on the cohomology of M allows us to identify the 
c,'s with integers. 

From the exact sequence: 

-> ip*S v -> 0® n+1 <p*Q -> 0, 



we get the equality of polynomials: 



r—k 

■E 

J=0 



(-ly^'. 



Note that in principle this equality is satisfied only modulo £ dlmM ; that is why 
we need to assume that dim M > r. We may write this equation in the following 
way: 



/ ci 1 

: ci 

cfe : 

cfe 



\ 



\ 



Cl 



Cfe / 



V (-i) r 



= o 



and we see that if any Cj is different from zero then the matrix A has maximal 
rank, a contradiction. Therefore c, = for all £ > 0. In particular = Ci = 
deg <y9*0G(fc-i.r-i) (1), hence ip is constant. ■ 



Note that the conclusion of Lemma 13.41 also holds if we only assume that M 
is chain-connected by projective varieties of dimension bigger than or equal to r 
and whose 2s-th cohomology group has dimension one for all s = 0, . . . , / 2 J - In 
particular we obtain the following: 

Corollary 3.5. Let X be a Fano manifold of Picard number one covered by an 
unsplit family of rational curves Ai and let r be a positive integer. Assume further 
that for every x £ X , M. x is chain- connected by projective varieties of dimension 



UNIFORM VECTOR BUNDLES ON FANO MANIFOLDS 



7 



bigger than or equal to r whose 2s-th cohomology group with complex coefficients 
has dimension one for all s = 0, . . . , [r/2\ . Then X does not admit uniform vector 
bundles of rank smaller than r, apart of direct sums of line bundles. 

It is classically known that the VMRT at every point of the Grassmannian 
G(k,n) is the Segre embedding of P fe x P"-*^ 1 m F(Q^) X = P(Q V ®S) X . We refer 
the interested reader to |LM] for a description of the VMRT of rational homoge- 
neous spaces covered by lines. See also |Hw|, Section 1.4], where the VMRT's of 
many examples of Fano manifolds are shown. Since P fc xP"^ 1 is chain-connected 
by linear subspaces of dimension min{fc, n — k — 1}, we obtain the following: 

Corollary 3.6. The only uniform vector bundles of rank r < minjfc + 1, n — k} on 
a Grassmannian G(k,n) are direct sums of line bundles. 

More generally, for Fano manifolds covered by linear spaces, we may state a 
splitting criterion independent on the rank: 

Corollary 3.7. Let X C P w be a Fano manifold of Picard number one covered by 
a family C of linear subspaces of dimension d > 2, and assume that at every point 
x € X the VMRT of X at x associated to the family of lines is chain- connected by 
the corresponding linear spaces of dimension d — 1. Let E be a vector bundle on X 
verifying that E\l is a direct sum of line bundles for every L of C Then E is a 
direct sum of line bundles. 

Proof. We argue as in Theorem 13 - H and use the same notation. Given a 
linear space L of the family C and a line £ C L, take any point x € £ and denote by 
L' the linear subspace of the VMRT of X at x corresponding to tangent directions 
to L at x. By hypothesis any surjective morphism E\g — > Og lifts to a unique 
E L -> O l . In particular the morphism p x x : M x = VMRT K G(k - l,r - 1) 
constructed as in the theorem is constant on L' , and so it is constant on the VMRT. 
■ 

3.1. Uniform vector bundles on Hermitian symmetric spaces. We 

have already applied our criteria to uniform vector bundles on quadrics and Grass- 
mannians. In this section we show, as an example, how our methods work for 
other Hermitian symmetric spaces. We refer the reader to |LM| or |Hw| for the 
description of their VMRT's. 

Let us introduce the following notation. Given a Fano manifold X of Picard 
number one and an unsplit covering family of rational curves M. we will denote by 
u(X, J\4), or simply by u(X) if the family M. is clear, the maximum positive integer 
verifying that every uniform vector bundle on X of rank < u(X) is a direct sum of 
line bundles, and we call it the splitting threshold for uniform vector bundles on X. 
If X is a homogeneous Fano manifold of Picard number one, then Tx is an unsplit 
homogeneous bundle, in particular u{X) < dimX. 

In the following table we show the possible values of u(X) for Hermitian sym- 
metric spaces. The last column shows unsplit and uniform vector bundles F of rank 
u{X) + V. 

The case of P n is classical (cf. [S]). but we recover it as follows: Theorem 13.11 
tells us that it(P") > n — 1 and on the other hand the tangent bundle is unsplit 
and uniform, hence u{X) equals n — 1. In a similar way, Theorem 13.11 provides the 
estimation presented in the table for the symplectic Grassmannian, which is sharp 
by the unsplitting of the universal quotient bundle Q. 
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G 


X 


VMRT 




F 


Sl(n + 1) 
Sl(n+1) 
SO(2m) 
Sp(2m) 

E 6 

E 7 


pn 

G(fc,n) (k < n/2) 
Gq(to — 1, 2m — 1) 
G L (m- 1, 2m- 1) 

OP 2 (g) C K 


pn— 1 
pfc ^> pn— A;— 1 

G(l,m- 1) 

G Q (4,9) 

OP 2 (8> c K 


n- 1 
fc + 1 
to — 1 
to — 1 

> 5 

> 7 


Q 
Q 
Q 



Table 1. Splitting threshold for uniform vector bundles on Hcr- 
mitian symmetric spaces 



For the Grassmannian G(fc, n) (for simplicity we have chosen here k < n/2) the 
value of u(X) follows from Corollary 13.61 and the unsplitting of Q, again. 

The estimation obtained for the Hermitian symmetric spaces corresponding to 
Eg, and E7 has been obtained, once we know the cohomology of their VMRT's, 
by applying directly Theorem 13.11 In the first case, the corresponding VMRT is 
Gq(4, 9), which verifies (see, for instance, |Dij ) that 

H 2 (G Q (4, 9), C) = ff 4 (G Q (4, 9), C) = C ? i/ 6 (G Q (4, 9), C). 

For the space corresponding to Ej we need to know the cohomology of the Cayley 
plane C := OP 2 <%> c that verifies (cf. [IM] ): 

H 2 (C, C) « i? 4 (C, C) S H e (C, C) S C 9* i? 8 (C, C). 

Let us remark that the same result is obtained by applying Barth-Larsen Theorem 
(cf. [Ll Thm. 3.2.1]) to the usual embedding of these two varieties in a projective 
space. 

Finally, we consider the isotropic grassmannian Gg(m- 1, 2m— 1) (parametriz- 
ing any of the two families of P m_1 's contained in a quadric of dimension 2m — 2). 
Note that the universal quotient bundle on Gg(m — 1, 2m — 1) is unsplit and has 
rank m, hence u(Gg(m — 1, 2m — 1)) < m. Thus the value of u follows from the 
following proposition: 

Proposition 3.8. Every uniform vector bundle on Gg(m — 1,2m — 1) 0/ rank 
smaller than or equal to to — 1 is a direct sum of line bundles. 

The proof of this result follows from Lemma 13.91 below, in the same way as 
Theorem 13.11 follows from Lemma 13.41 

Lemma 3.9. There are no nonconstant maps from G(l, n) to G(fc — 1, n — 1), for 
every k E {1, . . . ,n — 1}. 

Proof. Assume we have a nonconstant morphism <fi : G(l, n) — > G(fc— 1, n— 1), 
and denote by ip its restriction to a linear space P™^ 1 c G(l, n). Note that since <f> is 
nonconstant, then ip is nonconstant, too. Denote by ci, . . . , Ck and d\, . . . , d n —k the 
Chern classes of ip*Q and ip*S, respectively, and by C\,...,Ck and D\,..., D n -k 
the Chern classes of (j)*Q and (j)*S, respectively. 
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Arguing as in Lemma 

/ a l 
: ci 

Cfc-i : 

Cfc C k -1 



4] we obtain an equation 
\ 



V o 



Cfc 







1 



ci 



Cfc Cfc_i 



1 

-di 



\ (-l)"- fe d„_ fe / 



Note that we may assume that Cfc and d n -u are different from zero, otherwise the 
above equation would imply c\ = 0, contradicting that ip is nonconstant. 

On the other side, a similar argumentation with (j) tells us that Ck • D n -k = 0. 
In order to show that this contradicts that Ck and d n -k are non-zero, we may use 
some Schubert calculus. Let us fix some notation first. 

We will denote by Z\ the Schubert cycle in G(l, n) of codimension k determined 
by the partition (k — i, i), i.e. the cohomology class of the set parametrizing lines 
of P m contained in a fixed P m " 1 and meeting a fixed p™- 1 -^ c F m ~\ 



With this notation we may write 

Lfc/2j 



L(n-fc)/2j 

£ 

3=0 



n — k 



where the a^s and the b/s are non negative integers by the nefness of Q and S, ci. 
[BG] and [EJ 8.2]. Pieri's formula tells us that 



Cfc = Cj 



/, • ir n 1 = a ^ 1 k and d„_ fc = 



i—k 



hence ao&o 0. But on the other side: = Ck • D n _k = ao6o-^o-^o _ " + 
where all the elements of this sum are linear combination of Schubert cycles with 
non negative coefficients, by the Littlewood-Richardson formula. In particular it 
follows that ao&o = 0, a contradiction. ■ 



4. Uniform vector bundles on Grassmannians 

In this section we use some geometric arguments to go one step further from 
Theorem 13.11 in the classification of uniform vector bundles of low rank on Grass- 
mannians. This result was previously obtained by Guyot, [Gj . 

Applying Corollary 13.61 to Grassmannians we already know that the only uni- 
form vector bundles on G(k,n) of rank smaller than min{fc + l,n— k} are direct 
sums of line bundles. In this section we prove that, up to twist by a line bundle, 
the only unsplit uniform vector bundle of rank equal to minjfc + 1, n — k} is the 
universal bundle of smaller rank. Summing up we obtain the following: 

Theorem 4.1. Let G = G(k,n) be the Grassmannian variety parametrizing linear 
projective subspaces of dimension k in¥ n , k < n — k — 1, and let E be a uniform 
vector bundle on G of rank r < k + 1 . Then E is a direct sum of line bundles unless 
it is a twist of either the universal quotient bundle Q or its dual Q v . 
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By assumption E is uniform of rank r < k + 1 on G, hence we may restrict to 
a and /3-spaces and use the classification of uniform vector bundles on projective 
spaces [OSSi Thm. 3.2.3]. Note that uniform vector bundles on projective spaces 
of rank smaller than or equal to the dimension are completely determined by their 
Chern classes. This implies that the restrictions of E to two a (respectively /?)- 
spaces are isomorphic, and we may distinguish three cases: 

(1) The restriction of E to every a and /3-space is a direct sum of line bundles. 
This case has been already considered in Corollary 13. 71 

(2) The restriction E\l is a twist of Tl or fir, for every a-space L and E\m 
is a direct sum of line bundles for every /3-space M. 

(3) k = r — k — 1 and the restrictions of E to every a or /3-space L are 
isomorphic to a twist of Tl or Q^. 

Our first task will be discarding the third case. 

Claim 4.2. With the same notation as above, the restriction of E to either an a 
or a /3-space is a direct sum of line bundles. 

Proof. On the contrary, we will assume that k — r — k — 1 and the restrictions 
of E to every a and /3-space are unsplit. By the classification of uniform vector 
bundles of rank k on P k (cf. EHS]) we may assume, after dualizing and/or twisting 
E with an appropriate line bundle Oa(a), that E\l is isomorphic to 0/,(2), for every 
a or /3-space L. The main idea of the proof is the following: For every point g e G 
and every a or /3-space containing it we obtain, in the same way as in the proof of 
Theorem 13.11 a map from P*" 1 to ¥{E g ) which is an isomorphism by hypothesis. 
We will show that the existence of these isomorphisms for every a and /3-space 
passing by g leads to a contradiction. 

Let us consider two a-spaces L\ and L2 meeting at one point g, and denote 
by Pi and P2 the projective spaces parametrizing lines through g in L\ and L2, 
respectively. By Lemma 14.31 below, there is an isomorphism <f> : Pi — > P2, verifying 
that every pair of lines r, <p(r) lie on a /3-space. 

On the other hand, consider the restriction of E to any line li C Li passing by 
g. Since E\i i is isomorphic to 0^(2)1^ = O © C(l)® fe , the unique surjective map 
from it onto O determines a point ipi(£i) E P(E g ). In fact, since E g = 0i, i!9 then 
the map ipi : Pi ¥(E g ) is a linear isomorphism. The map ip := V^ 1 ipi gives a 
second isomorphism from Pi to P2, that we want to study together with <fi. 

A fixed point for o <f> provides a line t € P\ verifying <j){l) = ip(£), i.e. 
ipi(£) — ip2{4>(£))- But I and 4>(£) are contained in a /3-space M. In the same 
way as for L^s, the minimal sections over lines in M through g provides a linear 
isomorphism between the set of lines through g in M and F(E g ), contradicting that 

M?) = Mm)- ■ 

We have made use of the following lemma, which is a straightfoward conse- 
quence of the fact that the VMRT of G at any point g is isomorphic to the Segre 
variety V k x f> ri - fc - 1 ; whose maximal linear spaces correspond to the a and /3-spaces 
in G through g. 

Lemma 4.3. With the same notation as above, let L\ and L2 be two a (resp. (3)- 
spaces meeting at one point g. Given any line £1 C L\ passing by g, there exists 
a /3 (resp. a)-space M meeting L\ in £1 and L2 in a line £2- This construction 
provides a linear isomorphism <f> between the set of lines in Li by g and the set of 
lines in L2 by g. 
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Finally we will show that the only vector bundles in case (2) are twists of the 
universal quotient bundle or its dual. 

Proposition 4.4. With the same notation as above, assume that the restriction 
E\l is a twist of Tl or Ql for every a-space L and E\m is a direct sum of line 
bundles for every j3 -space M . Then E is a twist of either the universal quotient 
bundle Q or its dual Q v . 

Proof. Twisting with an appropriate power of Oq{1) and dualizing if nec- 
essary we may assume that the restriction of E to an a-space L is isomorphic to 
fit, (2) and to a /3-space M isomorphic to O m © M {^) s>k - 

We will consider the family of /3-spaces: 

(1) ¥(k-l,k,n) 

G(k-l,n) G(fc,n) 

Arguing as in Theorem 137X1 the subsheaf F v := p2P2*p\E v C p\E y is a line 
bundle, whose restriction to any fiber of P2 is trivial. It provides a surjective 
morphism p\E — > F, and so a morphism tp fitting in the following commutative 
diagram: 




F(fc-l,fc,n) > P(£) 




G(fe-l,n) G(fc,n) 
The morphism tp may be also described in the following way: its restriction ?/>| p -i( x ) 
is determined by the only surjective morphism ^Ip^- 1 ^)) ®i that provides a 
section ip of 7r over pi(p^ 1 (x)) , and 

Note that F(fc— 1, k, n) is isomorphic to P(<2 V (1)) and its dimension equals dimP(£'), 
hence it suffices to show that ip is injective. 

Given two /3-spaces M\ and M2 meeting at a point g, the images of the corre- 
sponding liftings ipi and <p2 meet f(E g ) in two points, y\ and 2/2, respectively. We 
may take an a-space L meeting them in two lines i\ — L C\ M\ and £2 — L C\ M2, 
as described in Lemma 14751 But E\l — f2i(2), then 

yi = Mh) n ¥(E g ) ^ <p 2 {£ 2 ) n F(E g ) = y 2 , 

because ipi(£i) Pi¥(E g ) is the point in F(E g ) corresponding to the tangent direction 
to £i at g in L. This concludes the proof. ■ 

A similar argument, together with the classification of uniform vector bundles 
of rank n + 1 on P™ (cf. |Ej and [B2] ). can be applied to isotropic Grassmannians: 

Proposition 4.5. Every uniform vector bundle on the isotropic Grassmannian 
Gq(iti — 1, 2m — 1) of rank m is decomposable unless it is a twist of the universal 
quotient bundle Q or its dual. 
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PROOF. We may assume m > 4, since on Gq(1, 3) = P 1 and on Gq(2, 5) = P 3 
the result is well-known. Recall that QG := Gg(m — 1,2m — 1) is covered by 
F 1 * - s, and the corresponding family is parametrized by QG: 

(m - 2, 2m - 1) 
pi 




QG QG 



Moreover G-Q(m — 2, 2m — 1) equals the projectivization of the dual of the universal 
quotient bundle Q. Hence, it suffices to show that ¥(E) or V(E X/ ) are isomorphic 
to Gg(m — 2, 2m — 1) as QG-schemes. 

Let E be a uniform vector bundle on QG := Gg(m — 1, 2m — 1) and assume 
that E is not a direct sum of line bundles. 

Given any P" i_1 c QG the restriction i?|j>m-i cannot be decomposable. Other- 
wise, since rank m uniform vector bundles on p m_1 are determined by their Chern 
classes (see [EJ and |B2j ). it would be decomposable for every P m-1 , and E would 
be decomposable by Corollary 13.71 It follows that, up to dualizing and twisting, E 
is isomorphic to fipm-i(2) © CTpm-i(a), cf. [EJ and |B2j . We claim that a = 0. In 
fact if it is not one easily sees that, after dualizing and/or twisting conveniently, the 
splitting type of E would take the form (0 = oq < a\ < ...). Arguing as in Theorem 
13.11 we would get a morphism G(l,m — 1) — > P m_1 for every point of QG. Since 
these morphisms are necessarily constant we would get a surjective map from E 
onto a line bundle, whose kernel, by Proposition |3^H1 is a direct sum of line bundles. 
It would follow that E is decomposable, a contradiction. 

As a consequence, given any p m_1 c QG, there is a unique surjective map 
E\pm-i — > Opm-i, providing a unique minimal section P m_1 <-» P(E\ pm -i ). Arguing 
as in Proposition 14.41 we may lift the family of P m_1 's in QG to a family in P(E): 





QG QG 

The proof is finished by showing that ip is an isomorphism. Since i\) is a mor- 
phism of QG-schemes, it suffices to show that the restriction V'lp- 1 ^) ■ Pi 1 ^) ~^ 
7r _1 (a;) is an isomorphism for every x. Fix a point x € QG and let M be a P' Tl_1 
containing it. Denote by tp the restriction: 

V : = ^Ipr'W : Pr'(^) = P(0 M (2) © O m ) tt-^M) S P (fi M (2) © O m ) , 
which is a morphism of M-schemes. By Lemma 14.61 below ip is either a linear 
isomorphism at every fiber or it factors via Pilp- 1 ^)- if the- former happens 
for a P" 1 ^ 1 ^ then ijj contracts vertical lines, and consequently it factors through pi, 
providing a section of n. In this case we would get a surjection from E to a line 
bundle, whose kernel would be decomposable by Proposition 13.81 and E would be 
decomposable, too. ■ 

Lemma 4.6. Let ip : P(fii»n(2) © Opn) -> P(fi P „(2) © Ofn) be a morphism of ¥ n - 
schemes, n > 3. Then either ip is an isomorphism or it factors through the natural 
projection tt : P (ft pn (2) © e> P „) -> P™. 
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PROOF. Let us begin by recalling some features on X := P(ftp™(2) © Op™). 
The unique surjection fip™(2) © Op™ — > Op™ determines a distinguished section of 
7r : X — >• P™ whose image we denote by 5. Given a line £ C P™, a surjective 
morphism (ft P ™ (2) ©O p ™)« ^ O^I)"" 1 © O^ 2 ->■ O provides a section of X := P(£) 
over I , whose numerical class determines a extremal ray of NE(X) and a contraction 
t : X — \ V, where K is a cone with vertex one point and base the Grassmannian 
G(l, n). Every fiber of r is a minimal section of P(-E) over a line, except for the fiber 
over the vertex of Y, that is 5*. Given a point i£P" and a line <9i, the minimal 
sections of it over £ cut the fiber tt~ 1 (x) at the points of a line r(£,x) C 7r _1 (a;). 
Moreover the line r(£,x) C 7r _1 (x) contains the point O x := 7r _1 (a;) n S. 

Given a morphism ip : X — > X of P™-schemes, its restriction ip x := ^| w -i( x ) is 
either constant or surjective onto tt~ 1 (x). If the former happens for a point x € P™, 
then tp factors via it. Therefore we may assume that (p\ n -it x ) is surjective for every 
x, and it suffices to show that in this case tp x is linear for some x. 

In this case the composition t o tp factors through r necessarily (just take the 
Stein factorization of the morphism r o tp) 




and consequently the image of a minimal section of V(E) over a line £ is a minimal 
section over £, too. In particular, if the degree of Tp is bigger than one, then the 
preimage of a general minimal section r would contain at least two minimal sections 
ri and T2 verifying 7r(r) = ir(ri) = 7r(r2). In particular r\ n tt (x) and T2 fl 7r _1 (x) 
lie in r(£, x). 

As a consequence, the morphism (p^ verifies the following property: for every 
P € 7r _1 (a;), (/?~ 1 (P) C r(£,x) 3 O x . But in this case, the restriction of to a 
general hyperplane H C 7r _1 (x) provides an immersion 

ff^P"- 1 ^tt" 1 ^) =P". 

Since n > 3, then adjunction theory tells us that this immersion is necessarily linear 
and so ip x is linear, too. ■ 

Remark 4.7. As the referee suggested, the last part of the proof of the previous 
lemma follows from a result of |PSj . Namely, taking a general hyperplane section 
Y' of Y such that Tp{Y') does not contain the vertex of Y, and composing the 
restriction of Tp to Y' with the projection to G(l,n) we obtain a finite surjective 
morphism Y' ~ G(l, n) — > G(l,n), which is an isomorphism by |PS[ Proposition 
6]. This implies that ip x is linear and concludes the proof. 



5. Fano bundles on Grassmannians 

In this last section we apply our results to the study of Fano bundles (i.e. bun- 
dles such that their projectivization is a Fano manifold) on Grassmannians; in view 
of this goal, we need to prove that, in many cases, these bundles are uniform. 
The idea is to consider the restriction to a maximal linear subspace of the Grass- 
mannian; this restriction is not in general a Fano bundle on the projective space, 
but enjoys a weaker property. This motivates the following definition: 
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Definition 5.1. Let (X,H) be a smooth complex polarized variety and r a non- 
negative integer. A vector bundle E on X is called r-Fano with respect to H if 
—KfiE) + rir*H is ample, where tt : ¥(E) — > X denotes the projective bundle on X . 

Let us remark that for r = the notion of a O-Fano bundle is exactly that of a 
Fano bundle. Let us moreover notice that E is r-Fano if and only if the Q-vector 
bundle 

f -dc\.E-K x +rH \ 
V rkE ) 

is ample. It is clear from the definition that r-Fano implies (r + l)-Fano. 

Inspired by the classification of Fano bundles on projective spaces, we study 
r-Fano bundles of rank two over the projective space. We first prove that, if r is 
small with respect to some function of the dimension of the base space and of the 
first Chern class of the bundle E, then E splits; then we focus on the case r = 1 
proving that every rank two 1-Fano bundle on P™ splits if n > 4. 
We follow the ideas in [APW] and [SW| . 

To simplify notations we always consider E to be normalized, that is, c\{E) = e, 
with e = or — 1. We will denote by c 2 the second Chern class of E. 

Denote by a the class modulo 2 ofn + l + r — e and let m be such that 
2m = n + 1 + r — e + a. With this choice of m the bundle E(m) is ample and the 
vanishing theorems of Le Potier and Griffiths (cf. [L, Thms. 7.3.5, 7.3.1]) read as 
follows: 

Lemma 5.2. With the same notation as above, we have: 

• (Le Potier) £P(P™, E(j)) = for i > 2, j > -m + r - e + a, and 

• (Griffiths) iT(P™, E(j)) =Qfori>l,j>m + r + a 

Hence E(m + r + 1 + a) is 0-regular in the sense of Castelnuovo-Mumford and 
in particular: 

Lemma 5.3. With the same notation as above, the vector bundle E(m + r + 1 + a) 
is globally generated. 

It is well known that not every pair (e,C2) can appear as the Chern classes of 
a vector bundle F. First of all, the integrality of the Euler characteristic can be 
rephrased in the following well known result (see |OSS| pp. 112-113]): 

Lemma 5.4 (Schwarzenberger conditions). Let F be a rank two vector bundle on 
P™, and let c\ and C2 denote its Chern classes. Then: 
S3: C1C2 = (mod 2) 

S* 4 : (= S 5 ) c 2 (c 2 + 1 - 3ci - 2c\) = (mod 12) 

S 6 : -2c^+254c|-1644c 2 = (mod720)ifa = -1 and -2c\ +170c^-548c 2 
(mod 720) ifc x =Q. 

Second, the positivity of a vector bundle F allows us to bound its second Chern 
class in terms of the first (cf. [Lj 8.3]): 

Lemma 5.5 (Schur polynomials). Let F be a nef rank two Q-twisted vector bundle 
on P n , and let c\ and c 2 denote its Chern classes. Then the following inequalities 
are fulfilled: 

P 2 : c 2 >0ifn> 2, 

P 3 : c\ > 2c 2 ifn>3, 
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Pa- cf > 



3 + V5 
2 



C2 if n > 4, and 



P 5 : cf > 3c 2 i/ra > 5. 
If F is ample, then all the inequalities are strict. 

We will distinguish two cases, depending on the stability of the vector bundle 
E. We refer the interested reader to |OSS[ Chapter II] for details on stability of 
vector bundles. For our purposes it is enough to know the following: 

Lemma 5.6. Let F be a rank two vector bundle on P™, n > 2, of degree c\{E) = 
or —I. The following conditions are equivalent: 

• F is stable, 



Moreover, in this case the discriminant A(F) :— c\(F) — Ac2(F) is negative. 

Through the following two subsections we will make use several times of explicit 
computations, such as Riemann-Roch formula, Schur polynomials or Schwarzen- 
berger formulas. We have skipped here some of these computations, that can be 
easily checked using standard computer software. 

5.1. 1-Fano bundle with negative discriminant. Throughout this subsec- 
tion we will assume that A(E) < 0. 
Consider the following functions: 



Proposition 5.7. Let E be a rank two r-Fano bundle on P™, n > 6. If A(E) < 
then r > h a (n). 

Proof. We consider the vector bundle F — E(m + r + 1 + a) which is globally 
generated by (|5.3|) . Since F is globally generated then a general section vanishes in 
a smooth irreducible subvariety of P" of codimension two. Hence, if r < h a (n), we 
apply [APW1 Prop. 5.2] (which is based on |HS[ Cor. 3.4, Prop. 6.1]) to conclude 
that F splits as a sum of line bundles, hence A(E) — A(F) > 0, a contradiction. ■ 

In the particular case r — 1 we get: 

Corollary 5.8. Let E be a normalized 1-Fano bundle of rank two on P" and degree 
e. Then: 

• Ifn>7, then A(E) > 0. 

• Ifn — 6, then A(E) > unless e = —1. 

In the next proposition we will study the low dimensional cases in order to get: 

Proposition 5.9. Let E be a normalized 1-Fano bundle of rank two on P™, n > 4. 
Then A(E)>0. 

PROOF. Assume, on the contrary, that A(E) < (equivalently c 2 > 0). We 
begin by reducing the possible set of values of (e, c-i) by applying Lemma [5^41 to E 



• H°(¥ n ,F) = 0. 
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and Lemma 1531 to E((ix + 1 — e )/2). A direct computation shows that the only 
possibilities are listed in the following table: 



Case 


n 


e 


C2 


I 


4 


-1 


4 


II 


4 





3 


III 


5 


-1 


4 


IV 


5 





3 



Note that, with exception of case I, Le Potier vanishing (see Lemma f5.2j) implies 
that: 

H l (P n ,E(-2 + j)), for i > 2,j > 

and in particular 

h°(¥ n , E(-2 + j)) > X (P", E(-2 + 3)), for j > 0. 

Using Riemann-Roch formula, we obtain 

h (F(E),O r{E) (l)®n*(O(-2))) = h°(¥ n ,E(-2)) > X (P«, £(-2)) > 0. 

In every case this tells us that E is unstable (cf. Lemma f5 . 6 [) . but this is not 
enough to contradict A(E) < 0. On the other hand, the effectivity of the line 
bundle C := (9jp(e)(1) ®ir*(0(— 2)) leads to a contradiction since C m := 0p(,E)(l)<8! 
7r*(C(m)) is ample and one may compute that d := C\(C) ■ (ci(£ m ))™ is negative. 
The possible values of this intersection number are listed in the following table: 



Case 


n 


e 


C2 


m 


d 


II 


4 





3 


3 


-216 


III 


5 


-1 


4 


4 


-1599 


IV 


5 





3 


4 


-2334 



Finally let us deal with case I. If H°(X,E) ^ 0, an argument similar to the 
one above works: taking C := Op(E)(l) we get d = —171. If H°(X, E) = 0, then by 
Lemma [531 E is stable. Note that Ci{E{2>)) — 5 and c 2 (i?(3)) = 10, and it is well 
known (cf. [DSj . see also [D]) that the only stable bundle with these Chern classes 
is the Horrocks-Mumford bundle Fhm on P 4 . But Frm is not 1-Fano, because 
there are 25 lines in P 4 for which (T H m)\p^ = O p i (-1) O r i (6) (cf. jBHMl Prop. 
14]). This concludes the proof. ■ 

5.2. 1-Fano bundle with nonnegative discriminant. Throughout this 
subsection we will assume that A(E) > (equivalently 02(E) < 0). In particu- 
lar E is unstable. 

Let us consider now the functions 



r a (n,e,c 2 ) 



7- 



n-1 



A(E) 



for a = 0, 1. 



Proposition 5.10. Let E be a normalized rank two r-Fano bundle on P", n > 2. 
Let e = C\(E), c-i = 02(E) and a be the class modulo 2 o/n + l + r — e. Assume 
that A(E) > and r < r a (ra, e, C2). TTien £ splits as a sum of line bundles. 

Proof. We will show that there exists s such that 

(1) E(s) is globally generated, and 

(2) c 2 (E(s)) <(n- l)( Cl (E(s)) -n + 2), 
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hence we may apply |APW| 3.2] (based on }HS| Thm. 4.2]) and conclude that E 
splits as a sum of line bundles. 

The first condition is fulfilled if s > m + r + 1 + a, whereas for the second we 
need: 

c 2 (E) + se + s 2 < (n - l)(e + 2s - n + 2). 



This inequality is equivalent to 
n-l- & -- 



1 



A(E) 



<s<S 



1 



1 



A(E) 



Note that there is always an integer in this interval. In fact n > 2, and A(E) > 
by hypothesis. Hence the required conditions are fulfilled whenever 



1 



l = m + r + a + l< \S] - 1, 



and this inequality is equivalent to r < r a {n, e, ca). 



Adding this result to Proposition 15.71 we get the following numerical criterion 
for the splitting of rank two vector bundles: 

Corollary 5.11. Let E be a normalized rank two r-Fano bundle on P™, n > 2. Let 

e = c\(E), C2 — 02(E) and a be the class modulo 2 ofn+l + r — e. Assume that 

r < min{|7i a (n)l _ 1, r Q (n, e, c 2 )} . 

then E splits as a sum of line bundles. 

Applying Proposition 15.101 to 1-Fano bundles we get: 

Corollary 5.12. Let E be a normalized 1-Fano bundle of rank two on P n , with 
A(E) > 0. Then: 

• If n > 7, then E splits as a sum of line bundles. 

• If n = 6 and E does not split as a sum of line bundles, then c\ (E) 
and C2 G { — 1, 0}. 

• If n = 5 and E does not split as a sum of line bundles, then c\(E) = 
and C2 € {—5, . . . , 0}. 

• Ifn = 4 and E does not split as a sum of line bundles, then either c\ (E) = 
-1 and c 2 e {-9, ... ,0}, or Ci(E) = and c 2 € {-1, 0}. 



1 



In order to rule out the cases n = 4, 5, 6 we first use Lemma 15 .41 that provides 
severe restrictions on the numerical invariants of E: 

Lemma 5.13. Let E be a normalized 1-Fano bundle of rank two on P" , n > 4, with 
A(-E') > 0, and assume that E is not isomorphic to a direct sum of line bundles. 
Then e and c 2 take one of the following values: 



dim 


e 


C2 


4 


-1 


0,-2, -6 or -8 


4 





or - 1 


5 





0,-1 or -4 


6 


-1 
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Finally we will rule out the cases left from Corollary 15.131 Denote by ft the 
minimum integer such that E(ft) has global sections. Assume that E is unsplit 
with A(E) > 0. Then E is unstable and ft is non positive by Lemma \5M Moreover 
using duality and Le Potier vanishing (see Lemma |5.2[) we get: 



> ft > 




-3 if n = 4, 
—4 if n = 5, 6. 



The first inequality is strict because 02(E) < 0, hence ft equals if and only if E 
splits. 

Note that the vanishing of H°(¥ n ,E(ft - 1)) implies that c 2 (E(ft)) is either 
positive or zero. In the second case E splits, hence we may assume that C2(E(ft)) — 
C2 + eft + ft 2 > 0. This already rules out the cases n = 4, e = — 1 and c 2 = —6 or 
-8. 

The rest of the cases may be excluded by showing that the numerical class 

(c 1 (0 P(B) (l))+mc 1 ( 7 r*(0 IP n(l)))) n 

has negative intersection with the class of a divisor D in a nonempty linear sys- 
tem |0 P (£)(1)(/3')|. Since Ci(0p(,e)(1)) + mci(7r*(Op«(l))) is an ample class, we 
get a contradiction. In the following table we show the possible values d of this 
intersection number for suitable choices of ft' > ft: 



dim 


e 


C2 


ft 


ft' 


d 


4 


-1 





-1 or - 2 


-1 


-94 


4 


-1 


-2 


-2 


-2 


-187 


4 








-1 or - 2 


-1 


-27 


4 





-1 


-2 


-2 


-104 


5 








-1,-2 or - 3 


-1 


-256 


5 





-1 


-2 or - 3 


-2 


-1198 


5 





-4 


-3 


-3 


-1904 


6 


-1 





-1,-2 or - 3 


-1 


-7433 



Summing up, we have obtained the following 

Proposition 5.14. Let E be a 1-Fano bundle of rank two on P™, n > 4, with 
A(E) > 0. Then E splits as a sum of line bundles. 

Adding this result to Proposition 15.91 we finally get: 

Theorem 5.15. Let E be a rank two 1-Fano bundle on P" , n > 4. Then E splits 
as a sum of line bundles. 

5.3. Rank two Fano bundles on Grassmannians. Finally we apply the 
results of the previous subsections, together with the classification of rank two 
uniform vector bundles on Grassmannians given in Theorem I4.1[ to the study of 
rank two Fano bundles on Grassmannians: 

Theorem 5.16. Let E be a normalized rank two Fano bundle on the Grassmannian 
<G(t,n + 1), with n > 6. Denote by a the class modulo 2 of n + 1 + t — e. If 
t < min{r Q (n, e), h(n)}, then either E splits as a sum of line bundles or t = 1 and 
E is isomorphic to the twist of the universal bundle Q(— 1). 
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Proof. Since E is Fano then the Q-vector bundle 
E { 2 J 

is ample. 

Denote by F := E\fn+i-t the restriction of E to a linear space of maximal 
dimension p™+ 1 ^ t c G(t,n + 1). Just by definition it holds that F is i-Fano with 
respect to H = Opn+i-t(l). Now we can apply Theorem 15.151 and 15.71 to get that 
F splits as a sum of line bundles. Since rkE — 2 then the splitting type of the 
restriction of E to any linear space of maximal dimension is independent of the 
linear space. Hence E is uniform, being each line of G(t, n + 1) contained in one of 
these linear spaces. We therefore conclude by Theorem 14. II ■ 

The same proof, in view of Theorem l5.151 shows that the classification is com- 
plete for rank two Fano bundles onG(l,n + l), n > 4: 

Corollary 5.17. A Fano bundle E on <G(l,n+ 1), n > 4 either splits as a sum of 
line bundles or is isomorphic to a twist of the universal bundle Q. 

Example 5.18. The null-correlation bundle on P 3 is a Fano bundle, hence a 1-Fano 
bundle, which does not split as a sum of line bundles. It has c\ — and eg = 1. 
The instanton bundles with natural cohomology on P 3 constructed in [H] verify 
that E(2) is globally generated and hence E(3) is ample, i.e, they are 1-Fano inde- 
composable bundles. They have c\ — and C2 — 2,3. 
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